AIChE

Demystifying the Estimation of Reactivity Ratios
for Terpolymerization Systems

Niousha Kazemi, Thomas A. Duever, and Alexander Penlidis
Dept. of Chemical Engineering, Institute for Polymer Research (IPR),
University of Waterloo, Waterloo, Ontario N2L 3G1, Canada

DOI 10.1002/aic.14439
Published online March 18, 2014 in Wiley Online Library (wileyonlinelibrary.com)

In typical practice for terpolymerizations so far, binary reactivity ratios have been used directly in the instantaneous
Alfrey and Goldfinger (AG) model, effectively ignoring the presence of the third monomer. In addition, the use of the
AG model leads to severe estimation problems, if one would like to estimate reactivity ratios from experimental data.
Due to the above reasons, the AG model was recast and was subsequently used with terpolymerization data directly to
estimate ternary reactivity ratios under the error-in-variables-model framework, based both on instantaneous (low conver-
sion) and cumulative composition data (medium and high conversions). Several examples and counter examples highlight
such important issues as the choice of the correct number of responses, accounting for the appropriate error structure, and
incorporating the right information content, all with diagnostic checks whose target is the eventual reliability of the reactiv-

ity ratio estimates. © 2014 American Institute of Chemical Engineers AICKE J, 60: 17521766, 2014
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Introduction

Polymeric materials with new and optimized properties
are being produced with an ever increasing frequency by the
use of multicomponent polymerization techniques. The sim-
plest case of a multicomponent polymerization is a binary
copolymerization, which is the starting point for a more
complex polymeric molecule. Terpolymerization systems
with three monomers are being utilized to generate poly-
meric materials with tailor-made properties. For such prod-
ucts, one needs to describe (among other characteristics) the
composition of the terpolymer, which is directly linked to its
physical properties. This composition is also linked to the
kinetics of the polymerization, which can be studied by the
use of powerful mathematical models that have been devel-
oped. Due to the practical impact and versatility of the prop-
erties of terpolymers, understanding the kinetics of ternary
systems is not only advantageous for exploring strategies for
advanced technologies but also necessary for producing ter-
polymers with desirable physicochemical properties in pilot-
plant and/or industrial scales.

Polymerization rate controls polymer composition, strongly
influenced by the relative reactivities of the monomers present
in the reaction medium. These relative reactivities govern
monomer reactivity ratios, which play a very important role,
as they describe the rate of incorporation of each monomer in
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the polymer chain. The impact of polymer chain composition
on chemical, physical, and mechanical properties clearly
indicates how important it is to be able to predict and,
furthermore control polymer composition from the knowledge
of monomer concentrations and reactivity ratios. Despite the
importance of these terpolymerization reactivity ratios, not a
lot of research has been conducted to estimate and study these
parameters in terpolymerization modeling. This is partly due
to the complexity of the developed mathematical models and
their poor performance in predicting real data. It is more
importantly related to the fact that, based on an analogy
between copolymerization and terpolymerization mecha-
nisms, reactivity ratios obtained for binary pairs from copoly-
merization experiments have commonly (albeit misleadingly)
been used in models dealing with terpolymerizations.

From even a quick screening of the literature regarding
binary reactivity ratios, it can be realized that there are many
ambiguities and inconsistencies around these reactivity ratios,
even for the same copolymerization system. The inaccuracies
in these reactivity ratios can simply propagate into the terpoly-
merization composition model (consisting of more than one
equations, unlike the simpler and single-equation Mayo—Lewis
model for copolymerization), thus becoming a much more seri-
ous (than in copolymerization) source of error in parameter
estimation and prediction variance. Using binary reactivity
ratios in terpolymerization studies also treats the ternary sys-
tem as separate and unrelated binary pairs and the interactions
between three monomers are ignored. This past approach is
therefore an unjustified simplification that could have been
acceptable at a time when computation power was very lim-
ited, but not nowadays.

The correct approach for determining ternary reactivity
ratios is to use the experimental data directly from terpoly-
merization and estimate reactivity ratios for each system.

AIChE Journal



Such studies based on ternary experimental data are very
limited and quite unclear with respect to experimental descrip-
tions, which has led to very little use of their data in estima-
tion schemes in ternary 1nvest1gat10ns % Therefore, our goal
is to conduct a thorough study of this problem, from the ter-
polymerization composition equations to the statistical
approaches that have been implemented in this regard.

The current study is presented in four parts. First, the related
literature is reviewed and information about existing techni-
ques and their potential problems are discussed. Second, our
approach and the most appropriate statistical procedure for this
problem are explained. This involves recasting of the tradi-
tional terpolymerization composition equations and implement-
ing the error-in-variables-model (EVM) framework (Kazemi
et al.®) for parameter estimation. In the third part, we highlight
important details about our findings and observations, along
with more detailed explanations about the implementation of
our approach, with examples and counter examples. This sec-
tion also contains a summary table that presents several studied
systems with their reactivity ratios. Finally, the last part dis-
cusses how the results of reactivity ratio estimation from differ-
ent sources can be evaluated to “weigh” the reliability of these
reactivity ratios for terpolymerization systems.

Related Work
Terpolymer composition equations

A typical terpolymerization in which three monomers are
polymerized simultaneously was mathematically described
originally by Alfrey and Goldfinger' (AG model), who
derived the first composition equations for ternary systems.
This approach is based on the assumption that three active
growing radicals in the terpolymerization of three monomers,
M;, M,, and M3, participate in nine chain propagation reac-
tions, based on the terminal model, as shown below
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k;; represents the rate constant of the reaction between rad-
ical i and monomer j, R, ;* denotes a radical of chain length
r ending in monomer i, and M; denotes monomer i. Based
on the rate of disappearance for each monomer and consider-
ing the steady-state approximation for radicals, a set of three
differential equations (Eqs. 2-4) can be derived, where f; is
the mole fraction of unbound monomer i/ in the polymerizing
mixture and df; is the mole fraction of monomer i incorpo-
rated (bound) into the terpolymer chains.
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The instantaneous form of the AG model (Eqgs. 2—4) applies
to low conversion data, where df; is substituted by F;, the
instantaneous mole fraction of monomer i incorporated
(bound) in the terpolymer, owing to the assumption that com-
positional drift at that very early stage of the polymerization is
negligible. The composition of a terpolymer can thus be calcu-
lated by using any two equations of the three combinations
shown above for the AG model. To find the terpolymer com-
position, knowledge of six reactivity ratios is required and
none of these values can be infinite or equal to zero. These
important monomer reactivity ratios are defined as

_kn r3—k” rz _k» r23—k22 - k33 = k% (5)
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The visualization of the composition of a terpolymeriza-
tion system has been done by the use of a triangular plot.
This approach was first proposed by Slocombe,” whereby
sides of a triangle represent the mole fraction of the mono-
mer assigned to those sides, the corners of the triangle repre-
sent 100% concentration of each monomer, and the sides
describe the corresponding binary mixtures. Experimental
compositions of the polymer chains can be represented as
points inside the triangle and the drift in the terpolymer
composition mixture can be illustrated by arrows (the head
of the arrow indicates the instantaneous composition of the
resulting polymer and its tail the composition of the mono-
mer mixture). An example of such a triangular plot is shown
in the results and discussion section.

The calculations with the AG model and therefore its usage
are quite simple nowadays. However, at the time that these
equations were proposed, computational tasks were not as sim-
ple and this motivated researchers to devise even simpler
forms of these composition equations. A probabilistic
approach was developed by Fordyce et al.® and Fordyce and
Ham’ that still involved six reactivity ratios but with simpler
mathematical expressions. Valvassori and Sartori® also pro-
posed the same simpler forms by extending the steady-state
assumption of binary copolymerizations to ternary systems.
Later on, Hocking and Klimchuk® presented yet another form
of the terpolymer composition equations which was based on
the Valvassori and Sartori model, but with symmetrical char-
acteristics. Also, Kahn and Horowitz'® were the first to
develop the integrated form of the AG model for prediction of
higher conversion level data, given the values of the six reac-
tivity ratios.

Despite all these attempts to predict terpolymer composi-
tion, it has often been observed that the prediction results do
not have an acceptable agreement with experimental data.
To resolve such issues, some have suggested that for systems
where one of the monomers is unreactive toward itself or
other monomers, modified forms of the AG model should be
used.! These types of adjustments are rather arbitrary and,
while eliminating some of the reactivity ratios, introduce
other parameters as ratios of remaining rate constants. These
new parameters, however, have unclear physical meaning
and so these modified equations neither have the extensive
usage nor the applicability of the original AG model.

In addition to the special forms of the AG model, other
attempts have been made by considering at different mecha-
nisms for developing the terpolymerization composition equa-
tion. While the AG model (or its simplified forms) is based on
the terminal mechanism in the propagation steps, the penulti-
mate mechanism can also be used to derive the
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terpolymerization composition equations. This approach has
been rarely used or even studied mainly due to the cumber-
some calculations and even larger number of unknown param-
eters in the model."" Another suggested mechanism for some
ternary systems is the charge-transfer complex participation
mechanism, which can be valid for systems where complexes
are formed between two out of three monomers.'? That is, the
system can be treated as a binary case between two complexes.
Discussions about whether the penultimate model versus the
terminal model or the free-radical propagation versus the com-
plex participation model can perform better with ternary data
belong to ongoing research which is out of the scope of this
article.

Conventional approaches for reactivity ratio estimation

The assumptions involved in the development of the AG
model are similar to those used for describing copolymeriza-
tion systems. Therefore, studies about the ternary composi-
tion equations were initially based on the reactivity ratios
extracted from binary systems. Based on this analogy, a ter-
nary system is treated as a “mixture” of three binary copoly-
merizations, instead of one specific ternary system, and the
effect of the interactions between all three monomers on
their reactivity toward each other is overlooked. This
approach, even though established as common practice, is
neither reliable nor precise for predicting ternary composi-
tions. In fact, several issues with prediction results of the ter-
polymer composition equations are simply due to the usage
of binary reactivity ratios instead of reactivity ratios based
directly on terpolymerization experimental data.

It is also worth considering that even if the analogy
between binary and ternary mechanisms allows the utilization
of binary reactivity ratios, the database of binary reactivity
ratios in the literature is very dubious and inconsistent, suffer-
ing over many years from the implementation of several
incorrect binary reactivity ratio estimation techniques and/or
poorly designed experimental data sets. These inaccuracies
propagate in the ternary composition model, and result in seri-
ous deviations between predictions of terpolymerization com-
position and experimental data. A simple example of this
problem is that there are several differing (often widely) reac-
tivity ratio values for the same copolymerization system in
the literature, and so the question becomes which set of val-
ues should be used (averaging and any random selection
between the existing sets of reactivity ratios would definitely
increase the uncertainty level of the calculations).

In one of the early applications of estimation techniques
with terpolymerization models, Duever et al.? pointed out
some problems in earlier methodologies, while illustrating the
application of the EVM parameter estimation method with the
AG model for estimation of ternary reactivity ratios. Some
efforts tried to handle terpolymerization data directly (see, e.g.,
Luft et al.'® and Iglesias et al.'*), but given the paucity of
actual terpolymerization data and studies, these efforts were
overall just too few and vague to get the attention of people
studying ternary systems. As a result, using binary reactivity
ratios became the de facto procedure in ternary Kinetic studies.
Our premise in the current article is that using binary reactivity
ratios is an oversimplification, not only with respect to the reli-
ability of the values themselves, but also with respect to not
including measures (and, hence, the effect) of their uncertainty.

In addition to the inaccurate conventional estimation
approach, the AG model itself can be a source of error for
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the problem of reactivity ratio estimation. In preliminary
studies, we looked at several ternary case studies where reac-
tivity ratios were estimated using the AG model and pointed
out that the results were not reliable for all cases, which can
be directly attributed to either the lack of information in the
existing data sets (usually, very few experimental points are
reported), or large experimental error associated with the
data, and/or issues with the formulation of the AG model
itself. In these preliminary studies,'®> we showed that select-
ing different combinations of ratios of mole fractions in the
AG model (e.g., F1/F, and F{/F5 vs. F1/F, and F,/F3) can
affect the precision of the reactivity ratio estimates. This
observation revealed that this model suffers from symmetry
issues and thus final results depend on the arbitrary choice
of different combinations of copolymer mole fractions into
the parameter estimation scheme. Hence, the question
becomes, which set of copolymer mole fraction ratios
amongst (F1/F2, F\/F3), (F1/F2, F2/F3), and (F\/F3, F2/F3)
should be used in the AG model?

In addition to the asymmetry problem with the AG model,
it can also be easily seen that this model uses ratios of
copolymer mole fractions as responses in the parameter esti-
mation problem. This is done despite the fact that in ternary
reactivity ratio estimation studies, as in other copolymeriza-
tion or multicomponent polymerization studies, it is the indi-
vidual copolymer mole fractions that are measured directly,
say, from NMR analysis. In other words, what is measured
directly is F| or F,, and not F/F,. This violates the well
known and practical recommendation in parameter estima-
tion schemes that the model be written directly relating a
measured response y; with the right-hand side function,
which involves the independent variables and unknown
parameters. In other words, it is highly recommended that
the measured F;, and not the ratio (F,/F,), be related
directly to a model right-hand side function, as the right-
hand side appearing in Eqs. 2—4. This is recommended to
avoid distorting the error structure of the measured responses
during estimation. A certain error structure corresponds to
the measured F, and this error structure will be distorted or
transformed if a ratio like (F,/F,) is used instead. This dis-
tortion, when using mole fraction ratios, can have severe
effects on the reliability of the parameter estimates (reactiv-
ity ratios), even if one knows a priori which set of mole
fractions to use.

In our approach, as explained in the next section, the rem-
edy for such difficulties and the appropriate parameter esti-
mation scheme for obtaining ternary reactivity ratios from an
instantaneous model and ternary data are presented. This
approach also extends directly to usage of a cumulative
model and including both composition and conversion values
in the procedure of finding more reliable ternary reactivity
ratios.

A Correct Approach for Parameter Estimation

We now present a complete approach for estimating reac-
tivity ratios in ternary systems. The first step in this regard is
to resolve the issue with the instantaneous AG model stem-
ming from its inherent derivation and the use of copolymer
mole fraction ratios, by simply recasting the form of the
model and isolating each of the terpolymer composition
mole fractions as an individual response. The second step is
about the implementation of the EVM parameter estimation
technique, which is the most appropriate technique for the
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problem of reactivity ratio estimation (see, e.g., Ref. 3
and 16). In the third step, we estimate ternary reactivity
ratios using the cumulative composition model. This can
potentially include medium to high conversion data for the
parameter estimation procedure (analogous work for copoly-
merization can be found in Kazemi et al.'”).

Model recasting

A new form of the terpolymerization equations is reder-
ived in our work, where each one of the terpolymer compo-
sition mole fractions is formulated explicitly, as shown in
Eqgs. 6-8. This new formulation is symmetrical and does not

- (_fi 1
fl (r2]]r3l + "2]3.32 +

’3]’2"&

deal with ratios of different copolymer mole fractions (as F;/
F; and Fi/F\). Therefore, the model responses are direct
measurements from the system and their error structures are
not distorted by the use of mole fraction ratios. One only
needs to select any two mole fractions out of Fy, F,, and F3,
as responses for the parameter estimation problem, and due
to the symmetrical nature of this model (unlike the original
AG model), the results are consistent regardless of the selec-
tion. Of course, the new formulation is in agreement with
the AG model, in terms of predictions, once the six reactiv-
ity ratios are known and fixed.
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For the purpose of ternary reactivity ratio estimation, Eqgs.
9-12 represent an example of the instantaneous ternary
model that the EVM program works with. Among the true
values of terpolymer and feed mole fractions, there are two
linear relations as shown in Eqgs. 11 and 12. Given these two

b f
FI _ fl (r2]]r31 + "2]3.32 +

fi4 b i f
’nh?) (f + 21 + ’23) +f3 (/‘13"21 + 23712 +

Loy b
rmzz) (f + 731 fsz)

relations, not all three mole fractions can be used in the
model for parameter estimation purposes, and any two of the
mole fractions along with the linear relations can represent
the terpolymerization model.
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EVM estimation

The problem of reactivity ratio estimation, among several
other nonlinear parameter estimation problems, encountered
frequently in science and engineering, has variables (both
dependent and independent) that are subject to error. For
such problems, results from basic nonlinear regression,
where only dependent variables contain considerable
amounts of error, would yield imprecise and biased parame-
ter estimates. A relatively recent approach is the EVM that
is probably the most complete approach for situations where
the dependent and independent variables cannot be
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distinguished. This feature makes EVM the perfect method
for estimating reactivity ratios in multicomponent polymer-
izations. The basis of the EVM parameter estimation method
was proposed originally by Reilly and Patino-Leal.'® This
algorithm was specifically applied on the problem of estimat-
ing reactivity ratios for copolymerization systems by Dube
et al.'® and Polic et al.,'” and further detailed explanations
about it can be found in Kazemi et ad.,3 where the latest
methodology for using this algorithm for estimating copoly-
merization reactivity ratios is highlighted.

An EVM program that estimates ternary reactivity ratios
based on terpolymerization data has been developed in our
research group, initiated by Duever et al.? for the original
form of the instantaneous AG model and later on tested on
other case studies by Hauch®® and Kazemi.'> These sources
point toward potential problems in the results attributed to
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the structure of the AG model and also the lack of adequate
information in the terpolymerization literature. In this work,
the EVM procedure has been modified in several parts based
on the computational requirements of the ternary problem
and the problematic nature of the original form of the AG
model. In the following, a brief explanation of the EVM
algorithm is presented along with extensive details about the
particular implementation on the ternary case.

All variables in the EVM context are treated as if they
have an unknown true value and an added error term. The
first statement of EVM equates the vector of measurements
X, to the vector of true (yet unknown) values g plus a mul-
tlpllcatlve error term, kg, as shown in Eq. 13, “where i refers
to the trial number, £ i is a constant, and ¢, is a random vari-
able, which, in the simplest case, has a uniform distribution
in the interval from —1 to 1.

x.=¢ (H—ks )

The magnitude of the error is quantified by the variance of
the measurements, determined through independent replication.
The distribution of the error is generally unknown, but it is
commonly assumed to be normal. The measurement errors for
all the variables appear in the variance-covariance matrix of
the measurements, V (to be discussed shortly), which is nonsin-
gular and known. In addition, for multiresponse problems, if
measurements have interrelated dependencies, correlation
terms should be considered in the error structure and V matrix,
as well. In this article, we present the solution for nonlinear
parameter estimation with a known and nonsingular variance-
covariance matrix, shown in Eq. 14. The diagonal elements of
V are azx,., the variances of the measurements, whereas the off-
diagonal elements, azx,x/, represent the covariances between
measurements. The values of the constant k (as shown in Eq.
13) for different variables in a problem could be different, as
the amount of uncertainty in data coming from different sour-
ces may be different. A log transformation on the variables in
Eq. 13 is also necessary so that the error term becomes addi-
tive. Taking logarithms of both sides, /n(/+ke) can be replaced
by ke, provided that the magnitude of the error does not exceed
10% (k< 0.1). The error structure is chosen to be multiplica-
tive (relative) due to the nature of the actual (physical) meas-
urements in the reactivity ratio estimation problem. As simple
algebra can show, for each variable, the corresponding diago-
nal element in V (Eq. 14) is /3.

where i=1,2,....n (13)
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In addition to Eq. 13, EVM has a statement that relates
the true (yet unknown) values of the parameters, 0, and var-
iables, é., via the mathematical model, represented by Eq.
15. In a multlresponse problem, g is a vector of responses.
In the case of terpolymerization, ‘the terpolymerization com-
position equations (Eqs. 9-12) are the responses that are
considered for the vector g.

g(éﬂg*) =0

Using a Bayesian approach, the objective function for
minimization to find the point estimates, 0, is given by

Where i=1,2,...,n (15)
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equation 16, where r; is the number of replicates at the ith
trial, X, is the average of the r; measurements x., and é
denotes estimates of the true values of the variables é

SXlnEE) v wE) e

The minimization of the EVM objective function (Eq. 16)
is a nonlinear constrained optimization problem, in which
the objective function minimization is subject to constraints
consisting of a nonlinear model that relates the variables and
parameters (Eq. 15), and lower and upper bounds on the
magnitudes of the parameters. The original EVM algorithm'®
uses a quasi-Newton optimization algorithm that works very
effectively only in the vicinity of the given initial guesses.
Also, based on the size of the variable space and the number
of parameters in the problem, the magnitude of this search
problem increases and several difficulties can arise in the
process of locating the parameter estimates. We have modi-
fied the EVM procedure by using a global optimization algo-
rithm, called the Shuffled Complex Evolutionary (SCE)
algorithm, which belongs to the evolutionary class of optimi-
zation algorithms. The SCE method was proposed originally
by Duan et al.>' In our research, we have used the SCE
method via the SCE library in MATLAB.*?

A very important component of the EVM objective func-
tions, calculated within the numerical procedure, is the infor-
mation matrix for the parameters (the second derivatives of
the objective function ¢). The information matrix, which is
the inverse of the variance-covariance matrix for the parame-
ters, is shown in Eq. 17 and can be calculated by Eq. 18. B, is
the vector of partial derivatives of the function, g(&;,0) with
respect to the variables, whereas Z. is the vector of partial
derivatives of the (model) function, g(gi, Q), with respect to

the parameters, given by Eqgs. 19 and 20, respectively.

[T
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The evaluation of the parameter estimation results is a
crucial task in any parameter estimation procedure, almost as
important as estimating the parameters themselves. There are
some indicators that quantitatively define the uncertainty of
the results, allowing us to decide whether the results are reli-
able or not. Confidence intervals are common indicators for
this objective. However, for cases where there are more than
one parameter, being simultaneously estimated, a joint confi-
dence region (JCR) should be presented that quantifies and
visualizes the measure of uncertainty in the estimated param-
eters by presenting a contour/JCR. Values of the parameters
inside or on the contour represent plausible values of the
parameters at the specified confidence level, and the smaller
the JCR the higher the precision of the results.

The basis of constructing JCRs for parameter estimates is
their information matrix, as given in Eq. 18. For the problem
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of estimating reactivity ratios of a ternary system, we have
six parameters and therefore the information matrix is a 6 by
6 matrix, where we have to select certain rows and columns
to plot the JCRs for the different pair combinations (e.g., 71,
and rp; for M; and M,). Considering the variance to be
known and the distribution of the errors to follow a normal
distribution, the confidence regions can be constructed using
the formula for elliptical JCRs, given in Eq. 21. Xz(p,l—ot) on
the right-hand side of Eq. 21 stands for the chi-squared sta-
tistic with p parameters and probability of (1 — a), where o
is the usual 5% significance level.

(0-0)G(0-0) < 21 @1

From low conversion to high conversion

One of the major limitations in reactivity ratio estimation
studies in the literature, for both binary and ternary systems,
has been about using the instantaneous composition model.
To use the instantaneous model, the experimental data must
be collected at very low conversion levels (less than 5%),
based on the assumption that up to such a conversion level,
the compositional drift of the system is negligible; therefore,
the cumulative composition that is being measured is
actually equal to its instantaneous value (F; instead of F)
and the initial feed compositions have remained the same
(f10 instead of f;). These assumptions may not hold for many
cases and thus using low conversion data introduce immedi-
ately experimental error and hence becomes a source of bias
in reactivity ratio estimates. In addition, the error during low
conversion experimental procedures is accentuated. For
copolymerization systems, the potential problems with this
approach have been discussed and an alternative procedure
for estimation of reactivity ratios based on full conversion
experimental data has been developed (see Kazemi
et al.>!").

The ternary model (Egs. 9 and 10) is originally in differ-
ential equation form, where we substitute df; with F;, assum-
ing that we can collect F; at low conversion levels. This is
while most of the reactions are run up to higher conversion
levels, and all this valuable information is usually discarded
simply because the estimation approach/model cannot incor-
porate this into the analysis. Even though using higher con-
version level data for estimating binary reactivity ratios has
gained more attention in the literature these days, there has
been no attempt at estimating ternary reactivity ratios using
the cumulative ternary composition model. Therefore, a nec-
essary extension to our approach for estimating ternary reac-
tivity ratios is to include the full conversion trajectory into
our program.

This approach consists of a model that relates cumulative
terpolymer composition for each monomer (F;) to the mole
fraction of unreacted monomer (f;) in the polymerizing mix-
ture and molar conversion, X,,. This relation is the so-called
Skeist equation given by Eq. 22, where f;y and f; are mole
fractions of monomer i (i =1, 2, and 3 for three monomers)
in the initial and remaining mixtures, and F; and F; are
instantaneous and cumulative compositions. As the reaction
proceeds with time, X, changes, and f; is evaluated by the
numerical solution of the differential copolymer composition
equation, given by Eq. 23, given the initial conditions of
fi=fio when X,, = 0. The set of differential equations for all
three unreacted monomer compositions f, f> and f5 versus
conversion (X,) is being integrated over the course of
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conversion. The unreacted monomer mixture composition, f;,
is then used in Eq. 22 to evaluate the corresponding cumula-
tive copolymer compositions, Fy, F5, and F5. Also, as the
measured conversion is usually on a mass (weight) basis, a
weight conversion (X,,), as in Eq. 24, should be used to
relate X, to X,, (in this equation, My, is the molecular weight
of monomer i, for i = 1, 2, or 3).

F*/:ﬁ()iﬁ(l 7Xn)

X, fori=1,2,and 3 (22)
df —F
Vi _fimF fori=1,2,and 3 (23)
ax, 1-X,

Mw; fio+Mw; fio+Mwy fro
Y MWiFi+MWij+MWka

X, = i,j, and k=1,2,and 3

(24)

The performance of this approach, which is referred to as
direct numerical integration (DNI), without resorting to any
analytical integration, was recently evaluated and discussed
in detail for copolymerization systems in Kazemi et al.'’
Using the DNI approach and medium and high conversion
data points for estimating reactivity ratios can significantly
improve the quality of the results by (simply) including
more information in the analysis as well as avoiding (practi-
cal) limitations of collecting low conversion data (with their
inherent sources of errors). This extension completes our
approach for estimating ternary reactivity ratios directly
based on terpolymerization experimental data. By using the
EVM method, we utilize the most statistically appropriate
parameter estimation technique for this problem and by
implementing the DNI approach we use all the available
information in the system for the determination of its param-
eters. Therefore, the results can be considered to be the most
reliable ones in the literature to date.

Results and Discussion
Overview of case studies

To compare our work with prior information, we first
looked into the literature for existing terpolymerization
experimental publications with reactivity ratio estimation
studies. In all these publications, almost with no exception,
binary reactivity ratios were estimated (as per normal prac-
tice) with classical linear/nonlinear approaches. A condensed
summary of our literature review is compiled in Table 1,
where these reactivity ratios are shown for each system with
labels of “binary” (B) or “ternary” (T). Additional explana-
tions for the entries of Table 1 are given at the bottom of
the table. In our work, these published terpolymerization sys-
tems were analyzed and ternary reactivity ratios were esti-
mated using our approach with the instantaneous ternary
model and the EVM methodology. These reactivity ratios
are presented in Table 1 for each system as well. For the
publications where the conversion values were provided, the
cumulative model was also used to determine reactivity
ratios, and these values are also listed in Table 1.

Several important points can now be made concerning our
observations, based on our estimation results, as summarized
in Table 1.

e Our methodology does not use approximate binary reac-
tivity ratios when ternary data are directly available.

e The methodology is not restricted to any simplifying
assumptions regarding the error structure.

DOI 10.1002/aic 1757
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e The approach can apply to any terpolymer data set at
any conversion level.

e Overall, the methodology provides reliable reactivity
ratios, as will be shown in more detail with the case studies
that follow.

e Ternary reactivity ratios differ from binary ones; differ-
ences ranging from slight to considerable have been
observed, depending on the values of the reactivity ratios.

e The basic premise of our investigations, based on the case
studies that follow, is that use of binary reactivity ratios may
reduce the reliability of terpolymerization model predictions.

In the three subsections that follow, we concentrate on spe-
cific cases (examples and counter examples) and offer more
information about different aspects of our investigations. The
first subsection evaluates the performance of our approach
while pointing out differences with earlier and alternative
methodologies. Also, within the context of these results, we
focus on the error structure of the measurements that mimics
real experimental settings. The second subsection is about
using the DNI approach and higher conversion values for esti-
mation of ternary reactivity ratios. Finally, the third and last
subsection shows how our results can be evaluated and pro-
vides justifications as to why binary reactivity ratios should
not be used in terpolymerization system studies.

Old pitfalls versus the correct approach for estimating
ternary reactivity ratios

For the estimation of ternary reactivity ratios, the EVM
structure can include all variables that are subject to error
for the purpose of determining values for these parameters.
In this multiresponse problem, the number of variables that
could be involved in the parameter estimation procedure is
six. That is, fi, f>, and f3 for the mole fractions of the feed
composition, and F, F», and F5 for the mole fractions of the
terpolymer composition. For these variables, we can consider
three kinds of dependencies, commonly existing among vari-
ables of multiresponse problems.33

The first kind is the linear dependencies among true
(expected) values of the mole fractions in the feed and ter-
polymer compositions. These dependencies, as shown earlier
in Eqgs. 11 and 12, are stoichiometric, stating that the sum of
mole fractions in the feed or in the terpolymer is always
unity. In this case, data sets in which all these six variables
are measured can be used. In fact, this type of data set is the
most preferred one, because it contains more information
about the system. The composition model handled by the
EVM program (as shown in Eq. 15) should also be selected,
and for the case where all six variables are available, we can
choose any two out of three terpolymer mole fractions,
shown in Eqgs. 6-8, along with the two mole fraction rela-
tions in Eqs. 11 and 12.

The second kind of linear dependencies is among the
measurements (observed data). This happens when the exper-
imenter forces the stoichiometric relation between the mole
fractions to become true for the observed mole fractions
either by normalizing the mole fraction values or by meas-
uring only two out of three mole fractions and calculating
the third one based on the summation expression. If not all
six variables are directly measured from the experiments,
then only two out of three variables in both feed and terpoly-
mer compositions are random variables and hence included
in the EVM structure. The EVM model (Eq. 15) should
again be selected according to the measured variables.
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The third and last kind of dependencies is among the
errors. This relation refers to the correlation among varia-
bles, which translates into the correlation among the error
components in the variance-covariance matrix of measure-
ments (V). This V matrix, as shown previously in Eq. 14,
consists of variances and covariances of the variables
involved. The dimensions of this matrix are also defined by
the number of variables involved in the EVM structure. For
the case where all six variables (i.e., all six mole fractions)
are available, the V matrix can be constructed as shown in
Eq. 25. As the feed composition mole fractions are usually
obtained by gravimetery, the measurements are independent.
Therefore, in the V matrix, we have 02, as the diagonal ele-
ments (i.e., variances of f;), yet the off-diagonal elements
(i.e., covariances among the measured f;s) are all zero. On
the other hand, for the mole fractions of the terpolymer com-
position, every two out of three terms are correlated. The
reason is that all these mole fractions (F;’s) are obtained
from one measurement (e.g., via NMR) and therefore, they
are not independent. In this work, to describe these covarian-
ces, we use Eq. 26, which uses the correlation coefficient
factor (p) to determine the magnitude and direction of the
correlations among each two variables.

afz-l 0 0 0 0 0
2

0 o7, 0 0 0 0

0 0 0;3 0 0 0
V= 25)
- 0O 0 0 012”1 0%1 P 0'%1 M

0 0 O J%I P 0%2 0%2 s

L0 0 0 ‘7%,F3 (7125& G.%} i

U?;IF] =p % \/0F, * oF, (26)

In a way analogous to Eq. 25, if there are only four ran-
dom variables in the system, that is, for instance, if only fj,
f2, Fy, and F, are measured and hence available, then the V
matrix can be given by Eq. 27.

g 0 0 0

0 6}2 0 0
V= 2 2 @7
0o 0 OF,  OFF,

0 0 0'}] £ 0'%2

To calculate the variances of each measurement/variable,
data from extensive and independently replicated experi-
ments must be collected. In the absence of an extensive data-
base, one can resort to “expert” opinions about the amount
of expected error in certain measurements, with the recogni-
tion that the quality of information in this case is of a lower
grade than in the former case. Relating now the elements of
the V matrix in Eq. 25 or 27 with the constant k of Eq. 13
and the discussion between Eqs. 13 and 14 earlier, the var-
iances of these measurements (GJ% and 612”,) can be expressed

based on the variability in the data reflected by the constant

multiplier & which has common values of *1% for feed and
. . K k.,

*5% for terpolymer compositions (i.e., a%= % and o, = % .
As mentioned earlier, published experimental data in the

literature are not wusually accompanied by adequate
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Table 2. Terpolymerization Data for DMAEM (M;), MMA (M,), DDMA (M3), Soljic et al.

Experimental terpolymer

Calculated terpolymer Calculated terpolymer

Feed composition composition composition, Soljic et al.?’ composition, current work
M, M, M; M, M, M; M, M, M; M, M, M;
0.100 0.100 0.800 0.114 0.084 0.802 0.126 0.086 0.788 0.1198 0.0867 0.7935
0.100 0.400 0.500 0.125 0.381 0.494 0.128 0.377 0.495 0.1256 0.3764 0.498
0.100 0.700 0.200 0.128 0.690 0.182 0.125 0.686 0.189 0.126 0.683 0.191
0.200 0.200 0.600 0.243 0.118 0.569 0.237 0.179 0.584 0.2309 0.1805 0.5886
0.200 0.500 0.300 0.237 0.476 0.287 0.236 0.476 0.288 0.2355 0.4754 0.289
0.400 0.100 0.500 0.422 0.090 0.488 0.424 0.089 0.487 0.417 0.0915 0.4915
0.400 0.400 0.200 0.423 0.378 0.199 0.425 0.381 0.194 0.4237 0.3836 0.1927
0.600 0.200 0.200 0.599 0.195 0.206 0.600 0.196 0.204 0.5975 0.1996 0.2029
0.800 0.100 0.100 0.310 0.118 0.099 0.782 0.106 0.110 0.7809 0.1097 0.1094

information about measuring procedures and therefore it is
not possible for such cases to decide whether six variables
are indeed directly measured or only two! Based on existing
information in the literature, it seems more likely that either
only two out of three compositions are measured and/or the
mole fraction data are normalized after the fact by imposing
that the summation of all three mole fractions is unity.
Therefore, our goal in this section is to illustrate the per-
formance of EVM with a certain representative system with
typically available information. For this system, we want to
point out some of the problems with the original AG model
and also advantages and disadvantages of having six or four
independently measured variables in the ternary problem.

The terpolymerization system of N,N-dimethylaminoethyl
methacrylate (DMAEM, M;), methyl methacrylate (MMA,
M,), and dodecyl methacrylate (DDMA, M3) was investi-
gated by Soljic et al.?’ Terpolymerizations were performed
at isothermal conditions at low conversion levels, in toluene
solution. Experimental and calculated data sets are shown in
Table 2. The authors used binary reactivity ratios that were
estimated based on copolymerization data from separate
binary copolymerization trials (i.e., DMAEM/MMA,
DDMA/MMA, and DMAEMA/DDMA).?’** Those reactivity
ratio estimates were averaged between estimates from both
linear and nonlinear regression. These values are cited in
Table 1 as binary reactivity ratios. For this system, we used
the terpolymerization experimental data to estimate ternary
reactivity ratios with:

1.05 T T T T
— F2/F1,F3/F1 .
----- F1/F2, F2/F3 : : :
1| -.-.- F1/F3,F2/F3 : . i
o Binary reactivity ratios
b3 Ternary reactivity ratios : : :
0.9F 4
0.85F i
& 08f ]
0.75F - b
0.7F B
0.65F - B
0.6 B
0.55 i i i i i i i i

“0.72 0.74 0.76 0.78 0.8 0.82 0.84 0.86 0.88 0.9
2

Figure 1. ri and rp; estimation results for different
combinations of the AG model.
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1. The original AG model in all possible combinations
(Egs. 2-4),

2. The recast terpolymer composition model with six vari-
ables (Egs. 9-12),

3. The recast terpolymer composition model with four
variables (only, Egs. 9 and 10), and

4. Different amounts of correlation between the terpoly-
mer composition mole fractions.

The representative reactivity ratio estimates for this sys-
tem, cited in the 5th row of Table 1, were obtained from
Case 2.

In the first part of the analysis (Case 1 above), we used
the EVM method with the three combinations of the AG
model, meaning that the model was described as the ratios
of (F,/Fy and F5/F,), (F1/F5 and F,/F3), and (F;/F, and F»/
F5). The results from parameter estimation for the reactivity
ratio pairs of (I"12 and I‘21), ()”13 and I’31), and (r23 and 1‘32)
along with their corresponding JCRs are shown in Figures
1-3, respectively. In these figures, the line styles - -
-, and -.-.-.- refer to different combinations of (F,/F; and F5/
Fy), (F\/F5 and F,/F5), and (F/F, and F,/F3), respectively.
Also, the reported values of reactivity ratios by Soljic
et al.*’” and the EVM point estimates are shown in these fig-
ures with “o” and “x,” respectively.

As can be seen in Figures 1-3, the EVM point estimates
are always the same regardless of the AG model combina-
tions, as all these point estimates overlap at a single point.
However, the visualization of the JCRs in these figures illus-
trates how the choice of different combinations in the AG

3.5 T T T T
—F2/F1, F3/F1
————— F1/F2, F2/F3
3|---.- FU/F3.F2/F3 | ..
o Binary reactivity ratios
X Ternary reactivity ratios
25F
2 =
e
1.5
1 -
0.5r

0
072 074 076 0.78 0.8 082 084 086 088 0.9
r13

Figure 2. ri3 and r3; estimation results for different
combinations of the AG model.
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r23
Figure 3. ros and r3, estimation results for different
combinations of the AG model.

model [e.g., (F»/F and F3/Fy) vs. (F/F, and F,/F3)] affects
the precision of these results. In particular for this system, it
can be seen that the (F,/F; and F3/F;) combination gives the
smallest JCRs for all three pairs of reactivity ratios (see Fig-
ures 1-3); meanwhile, for the (ry3, r3;) and (123, r3) pairs of
reactivity ratios (Figures 2 and 3), the (F/F5; and F,/F5)
combination results in JCRs crossing inside the negative
region. The changes in the level of uncertainty in our param-
eter estimation results, when one combination is taken into
account versus another, are affected either by the choice of
the specific combination or by experimental error associated
to the data. Hence, these observations indicate that the esti-
mation results from the AG model are very much combina-
tion specific and should be used with great caution.

In the second step of the analysis, we used the recast
expression of the terpolymer composition model (Eqgs. 9-12)
to estimate ternary reactivity ratios for this terpolymerization
system based on the same data as before (see Table 2). For
this procedure, the most general scenario is selected first,
with six variables (all three composition mole fractions are
considered as measured in both feed and terpolymer) and no
correlation between any of the measurements. The V matrix
in this case would be similar to Eq. 25 for the diagonal
elements (variances), whereas the off-diagonal elements
(covariances) are all zero. The results from parameter esti-
mation are shown in Figure 4, where all six reactivity ratios
are shown in pairs with their JCRs. This figure shows that
for all three pairs of reactivity ratios, we have reasonable
JCRs indicating that these reactivity ratio estimates have
acceptable level of precision.

The symmetrical nature of the recast form of the composi-
tion model allows us to choose any two responses out of
three without affecting the results. The same results were
obtained for all combinations of (F;, F;, and F3) in pairs.
The point estimates of Figure 4 are the ones cited in
Table 1. Figure 4 also shows the reported binary reactivity
ratios in the reference paper and it can be seen (almost) all
of those estimates are included inside the EVM JCRs. The
results from this estimation represent a “best case” scenario,
as ternary reactivity ratios are in good agreement with their
respected binary values. This is not necessarily the case for
many other terpolymerization systems, as is evident from
Table 1.
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reactivity ratios

Figure 4. Reactivity ratio estimates and JCRs based on
the recast composition model with six
variables.

In the third step of the analysis of DMAEM/MMA/
DDMA, a different number of measured variables was cho-
sen (four in this case) for the EVM parameter estimation
problem (e.g., fi, f», F1, and F5). Figures 5-7 show the
results for the reactivity ratios pairs of (1, and r,;), (r;3 and
r31), and (rp3 and r3;). For each pair of reactivity ratios [e.g.,
(r12 and r,;) in Figure 5], the line styles ,----,and -.-
.-.- represent the JCRs of the cases where (F; and F3), (F,
and F3), and (F; and F,) are selected as the measured
responses (and hence, as the EVM variables). Their corre-
sponding point estimates are shown as an open circle, “o0,”
in the center of each JCR. In addition to these results, the
reactivity ratio estimates and their JCRs from Case 2 (the
“best case” scenario) for (1, and r»1), (r13 and r37), and (>3
and r3,) are included in Figures 5-7, respectively. For exam-
ple, in Figure 5, this JCR is shown with line style —x-x-x
and the corresponding point estimates are indicated with an
open square, “[],” in the center of the JCR. This formatting
is used in Figures 6 and 7 as well. The binary reactivity
ratios from the reference paper27 are also included in Figures
5-7 for each reactivity ratio pair, denoted with a filled
star, “*.”

1.3 T T T T
"""" F1’F3
1.2 A
- B Ry
a —X-X-X F1,F2, F3
RN
11 | = PRt e
/:’ v
, 1
1L y L ]
— ! !
o ! !

0.9F -

0.8 -

r2
Figure 5. ryo and ry; estimates for the recast composi-
tion model with four variables.
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Figure 6. ry3 and r3; estimates for the recast composi-
tion model with four variables.

Figures 5-7 clearly show that not only can the point esti-
mates shift with the choice of variables, but also the sizes of
the obtained JCRs change considerably. Finding reliable
results within this approach needs more information about
the measurement procedure, indicating which one of the
mole fractions in the feed and terpolymer compositions are
actually measured. Those measured responses can then be
chosen as the EVM variables, and the reactivity ratio estima-
tion results mimic the real nature of the measurements and
offer, in turn, an acceptable level of reliability. In the
absence of such information, a pair of mole fractions in the
feed and terpolymer compositions should be selected ran-
domly and, therefore, the results may not be truly representa-
tive. For instance, as there is no such information available
for the ternary system in question, any of the (F; and Fj),
(F> and F3), and (F, and F3) JCRs for the (1, and ;) pair
in Figure 5 can be selected at random. Obviously, this arbi-
trary choice may lead to a nonrepresentative set of reactivity
ratios for this ternary system. Comparing these results with
the case where all six variables were involved, it can be sug-
gested that having all six variables measured would provide
much more reliable values for the reactivity ratios, as results

r32

0.9}

0.8

0.7 !
0.8 0.9

15

Figure 7. ry3 and ri; estimates for the recast composi-
tion model with four variables.
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Table 3. Effect of Correlation on the Reactivity Ratio
Estimates for DMAEM (M,), MMA (M,), DDMA (M3)

p=-04 p=-02 p=0 p=02 p=04
T2 0.82 0.80 0.80 0.79 0.79
21 0.78 0.76 0.75 0.74 0.74
3 0.79 0.80 0.80 0.80 0.80
31 0.80 0.80 0.80 0.79 0.79
23 1.09 1.09 1.08 1.08 1.07
30 1.21 1.20 1.19 1.19 1.18

are consistent and with an acceptable level of precision, as
can be seen in Figure 4.

So far in the analysis, all measurements were treated as
uncorrelated. The last part of the analysis is about the correct
error structure, specifically the correlation between the meas-
urements. The effect of different correlations is tested by
using different correlation coefficients between the measure-
ments coming from NMR (i.e., different values for the corre-
lation coefficient, p, in Eq. 26). The terpolymer composition
mole fractions measured from NMR can be assumed to be
negatively correlated, as these mole fractions sum up to one
and if one of them increases, the other two mole fractions
should decrease. Results from the EVM program were
obtained with correlation coefficients of —0.2 and —0.4, and
also with 0.2 and 0.4, to see the effect of change in the
direction of the correlation. The reactivity ratio estimates for
these cases are shown in Table 3, along with the correlation
coefficient of zero (middle column), which acts as our stand-
ard case. Although the true value of the correlation is
unknown, the results in Table 3 clearly show that by chang-
ing the amount of correlation from —0.4 to 0.4, the change
in the values of the reactivity ratios for this system is very
minimal and apparently the choice of the correlation coeffi-
cient does not affect the general outcome.

The most appropriate approach to find the value of the
correlation coefficient is to estimate it from the analysis of
residuals of a rich replicated experimental data set. Such an
investigation is not possible with existing data sets in the lit-
erature due to the limited number of data points. In the
absence of this information, looking into the effect of vary-
ing the correlation coefficient on the reactivity ratio estima-
tion results can determine whether it is necessary to run the
extra step of the analysis of residuals, depending on the sig-
nificance of the different correlations between the measure-
ments on the estimation results. For this ternary system, the
reactivity ratios in Table 3 shift insignificantly so that having
a more detailed analysis of residuals may not be justified.
While this is true for this case, there might be other terpoly-
merization systems where the analyses of their NMR data
are subject to higher error levels and, in turn, their correla-
tions could have more of a substantial effect.

Combining conversion information with the cumulative
terpolymer composition equation

As mentioned before, using the cumulative terpolymer
composition model and incorporating conversion values in
the parameter estimation process improves the precision of
the obtained reactivity ratios, based on trends established for
copolymerization systems as well as theoretical explanations
supporting this point.3’17 The key equations for the terpoly-
merization cumulative composition model are shown in Eqs.
22-24. To show the implementation of EVM, we retained
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Table 4. DMAEM (M), MMA (M,), DDMA (Ms), Soljic et al.*’

Feed composition Conversion Experimental terpolymer composition

M, M, M; X, % M, M, M3

0.100 0.100 0.800 0.70 0.114 0.084 0.802
0.100 0.400 0.500 0.96 0.125 0.381 0.494
0.100 0.700 0.200 1.32 0.128 0.690 0.182
0.200 0.200 0.600 1.69 0.243 0.118 0.569
0.200 0.500 0.300 2.11 0.237 0.476 0.287
0.400 0.100 0.500 297 0.422 0.090 0.488
0.400 0.400 0.200 3.82 0.423 0.378 0.199
0.600 0.200 0.200 5.05 0.599 0.195 0.206
0.800 0.100 0.100 6.85 0.783 0.118 0.099

Table 5. DMAEM (M,), Styrene (Sty) (M), DDMA (M), Soljic et al.>’
Feed composition Conversion Experimental terpolymer composition

M, M, M; X, % M, M, M;

0.100 0.100 0.800 0.70 0.108 0.181 0.711
0.100 0.400 0.500 0.84 0.095 0.579 0.326
0.100 0.700 0.200 1.09 0.077 0.829 0.094
0.200 0.200 0.600 1.46 0.194 0.330 0.476
0.200 0.500 0.300 1.74 0.160 0.669 0.171
0.400 0.100 0.500 2.66 0.367 0.172 0.461
0.400 0.400 0.200 3.11 0.312 0.557 0.131
0.600 0.200 0.200 4.55 0.509 0.322 0.169
0.800 0.100 0.100 6.43 0.718 0.189 0.093

the same reference as previous section, Soljic et al.,27 where
two terpolymerization systems of DMAEM (M;)/MMA
(M,)/DDMA (M3;) and DMAEM (M,)/Styrene (Sty) (M,)/
DDMA (M5) (as shown in the 5th and 6th rows of Table 1)
were studied. Their experimental data including conversion
values are shown in Tables 4 and 5. Although these data
points were collected at low conversion levels, they can still
be used to illustrate how the cumulative terpolymerization
model can be incorporated into the EVM ternary reactivity
ratio estimation program and how beneficial this can be.
These data sets were analyzed and the reactivity ratio esti-
mates are shown in Figures 8 and 9 for each system. These
figures also show the point estimates and JCRs from the

~ — = Cumulative EVM JCR - r12, 21 j i i :
2 O  Cumulative r12, r21 i
= = = Cumulative EVM JCR - r13, r31
O Cumulative r13, r31
1.8| = = = Cumulative EVM JCR - r23, r32 b
B Cumulative r23, r32
Instantaneous EVM JCR - r12, r21
1.6 #  Instantaneous r12, r21 - . e st q
8 A Binaryr12, r21 : : :
-] Instantaneous EVM JCR - r13, r31 . : :
; 1.4 @® Instantaneous r13, r31 . . Lo Lol B
-‘§ <« Binary r13, r31 : : :
5 Instantaneous EVM JCR - r23 r32 .
8 1.2 ¢ Instantaneous r23, r32 oo
= ¥ Binary r12, 121 :
1k 4
sl , 6\ LA i
05 i i i i i i i i
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

reactivity ratios

Figure 8. Reactivity ratio estimates from cumulative
data for DMAEM (M,), MMA (M,), DDMA

(Ms).

AIChE Journal May 2014 Vol. 60, No. 5

Published on behalf of the AIChE

instantaneous model (Case 2) and the binary reactivity ratios
reported in the reference palper.27

As can be seen in Figures 8 and 9, the point estimates and
their JCRs from the cumulative model are almost identical
to those from the instantaneous model. The closeness of the
reactivity ratio estimates from both instantaneous and cumu-
lative models is an indication that the cumulative model
works perfectly for the ternary systems. Typically, one
would expect that the cumulative model adds more informa-
tion to the parameter estimation procedure and therefore pro-
vides more reliable reactivity ratio estimates. However, our
results for these two systems indicate that the instantaneous
data are of high quality and the assumptions of the

Instantaneous EVM JCR - r12, r21

O Instantaneous - r12, r21
1.8F Instantaneous EVM JCR - r13, r31
* O Instantaneous - r13, r31
Instantaneous EVM JCR - r23, r32
16 Vv Instantaneous - r23, r32

— = = Cumulative EVM JCR - r12, r21
A Cumulative - r12, r21
# Binary - r12, r21

— = = Cumulative EVM JCR - r13, r31
< Cumulative - r13, r31
@® Binary - r13,r31

= = = Cumulative EVM JCR - r23, r32
¢ Cumulative - r23, r32
B Binary - r23, r32

S

reactivity ratios
5

0.8

; : ; u : :
0.4 i i i i
0 1 15 2 25 3
reactivity ratios

Figure 9. Reactivity ratio estimates from cumulative
data for DMAEM (M,), Styrene (Sty) (M.),
DDMA (My).

3.5
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Table 6. Terpolymerization Experimental Data for the MMA(M;)/NPGMA(M,)/HEMA(M;) Ternary System, Iglesias et al.l

Feed composition

Experimental terpolymer composition

M, M, M; M, M, M;
0.32 0.34 0.34 0.28 0.32 0.4

0.21 0.20 0.59 0.2 0.18 0.62
0.2 0.40 0.40 0.16 0.4 0.44
0.2 0.60 0.2 0.14 0.61 0.25
0.41 0.21 0.38 0.4 0.19 0.41
0.62 0.19 0.19 0.58 0.19 0.23
0.1 0.1 0.80 0.05 0.09 0.86
0.79 0.10 0.11 0.78 0.11 0.11
0.41 0.39 0.41 0.37 0.4 0.23
0.10 0.79 0.11 0.1 0.79 0.11

instantaneous ternary model are met to a very good extent. It
must be kept in mind, however, that this is not the case for
most of the experimental work in the literature as the “so-
called” low conversion data often go to higher conversion
levels and therefore the error in the instantaneous data can-
not be neglected. That is when using cumulative data would
be more beneficial.

Evaluation of the reliability of the reactivity ratio
estimates

To show the effect of the presence of the third monomer,
an example about the evaluation process of the reactivity
ratio results is given in this section for the terpolymeriza-
tion system of MMA (M;), 3-hydroxyneopentyl methacry-
late (NPGMA, M,), 2-hydroxyethyl methacrylate (HEMA,
M;). This system was investigated by Iglesias et al.'*
where terpolymerization and copolymerizations were per-
formed at low conversion levels and binary reactivity ratios
were estimated, albeit with linear estimation techniques.
The terpolymerization data were also used with a nonlinear
least-squares technique to estimate ternary reactivity ratios
(these values are shown in the 12th row of Table 1). In our
work, we used the experimental data (as shown in Table 6)
and estimated ternary reactivity ratios, using the recast ter-
polymerization model with six variables, assuming no
correlation amongst the measurements. The published

22 T T T T
EVM JCR

* ri2,r21 - EVM ternary
2 ® r12,r21 - Binary ref. : EEEE
- - —EVMJCR Fie f
+ r13,r31 - EVM ternary . : [ + 7
1.8 A 13,131 - Binary ref. . . o . -
------ EVM JCR : :
*  r23,r32 - EVM ternary B . .
B 23, r32 - Binary ref. : : )
O r12,r21 - Ternary ref. : : .
A r13,r31 -Temaryref. |- ....c..... [ECSRREEREER] TR . s d]
O 23,132 - Ternary ref. R *

o

reactivity ratios
S

N
T
o
i

1 e J
08k i R L L o : B
i i i i i i
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

reactivity ratios

Figure 10. Reactivity ratio estimates for the terpolyme-
rization system of MMA (M,)/NPGMA (M,)/
HEMA (M,).
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binary and ternary reactivity ratios along with our point
estimates are given in Table 1 and their JCRs are shown in
Figure 10.

As shown in Figure 10, the difference between binary and
ternary reactivity ratios in the reference paper is very signifi-
cant for two of the reactivity ratio pairs (except for r,3 and
r32). With respect to our results, the estimated ternary reac-
tivity ratios do not agree well with neither of the reported
reactivity ratios, again with the exception of the pair r,3 and
r3p. It is also noted that for both (r, and r,;) and (r;3 and
r31) pairs, the reactivity ratio values are greater than one.
While such binary systems are not feasible on their own, in
this case, the reactivity ratios lie very close to unity and
therefore, these results may reflect a large level of error in
the experimental data that in turn introduces bias in the ter-
nary reactivity ratio estimates.

The shifts in the values of the reactivity ratios from a
binary system to a ternary one clearly illustrates that using
binary reactivity ratios can be a grossly incorrect choice as
they do not necessarily reflect the actual (true) reactivities of
the monomers in the ternary system. The importance of the
variation in reactivity ratios values can also be illustrated in

MMA

Figure 11. Comparison of experimental and calculated
terpolymerization compositions; (X) experi-
mental data; (O) calculated based on binary
reactivity ratios'®; (¢) calculated based on
ternary reactivity ratios'; (O) calculated
based on ternary reactivity ratios in current
work.
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terms of the prediction of the experimental data, and more
specifically, by looking at the agreement between experimen-
tal and theoretical terpolymer compositions. Figure 11 shows
a triangular plot for the terpolymer composition of this ter-
nary system. The experimental data from the reference paper
along with calculated terpolymer compositions based on
reported binary, reported ternary and our estimated ternary
reactivity ratios are also shown in this figure.

Looking at different sets of predicted compositions in Fig-
ure 11, it can be seen that although the experimental and
predicted ternary compositions are close, they are quite far
from the ternary compositions calculated from binary reac-
tivity ratios. The largest difference, and hence, disagreement,
in Figure 11 is indeed between experimental data and calcu-
lated compositions based on binary reactivity ratios! Such
results can be associated to, firstly, the EVM methodology
that was used to obtain these estimated reactivity ratios and,
secondly, to including the third monomer and the subsequent
changes in the reaction medium in the estimation process
compared to binary studies. This influence can be realized
with the shifts in the values of ternary and binary reactivity
ratios, but it is also noticeable through the change in the pre-
dicted composition values.

Using binary reactivity ratios to describe a terpolymeri-
zation system is effectively ignoring the presence of the
third monomer, and hence the interactions between mono-
mers 1, 2, and 3. These interactions (be it electronic,
steric, etc.) are indeed reflected in the process data col-
lected from a terpolymerization system. Therefore, the
will in turn be reflected in the values of the determined
reactivity ratios, as long as such reactivity ratios are esti-
mated directly from terpolymerization data using the ter-
polymerization model.

Conclusions

The following points have been made, and justified by our
analysis, related to the estimation of ternary reactivity ratios:

a. The recast terpolymerization model, which uses terpol-
ymer composition mole fractions explicitly (and not in
ratios), avoids the estimation pitfalls with the original AG
model.

b. Estimating ternary reactivity ratios based on terpolyme-
rization data directly protects against unnecessary propaga-
tion of errors from badly estimated binary reactivity ratios,
at the same time without essentially ignoring the presence of
the third comonomer.

c. EVM is the framework to use, especially with terpoly-
merization systems which contain inherently more error
(than copolymerizations) in all variables.

d. Several examples and counter examples with litera-
ture ternary experimental data showed how one can go
toward consistent and reliable ternary reactivity ratios,
when the correct information content is taken into account
(with respect to (i) the choice of measurements, (ii) their

error structure, and (iii) the correlation between
measurements).
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